Rules for integrands of the form P[x]P Q[x]¢

dx whencd+ae==90

Va+bx?2+cxt
0. —_—

d+ex?

dx whencd+ae=0 A ac>90

1 J-Va+bx2+cx4

d+ex?

Derivation: Integration by substitution

Basis: If cd + a e == 0, then ldb: = 2 Subst [ L ) X — K x

P) x
1-2bx+(b*-4ac) x* \/a+bx2+c x4 \/a+bx2+c x4

Rule1.3.344.1:If cd+ae =0 A ac > 0,then
Va+bx®+cx®
ju dx — iSubst[J ! dx, X, é]
d+ex* d 1-2bx?+ (b>-4ac)x* Varbx2+cx?t

Program code:

Int[Sqrt[v_]/(d_+e_.*x_"4),x_Symbol] :=
With[{a=Coeff[v,x,0],b=Coeff[v,x,2],c=Coeff[v,x,4]},
a/d*Subst[Int[1/ (1-2xb%x"2+ (b"2-4xaxc) *x"4) ,x],X,x/Sqrt[v]] /;

EqQ[cd+axe,0] && PosQ[axc]]| /;

FreeQ[{d,e},x] && PolyQ[v,x"2,2]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

a+bx +cx?
2: j dx whencd+ae=0 A ac30
d+ex?

Rule1.3.344.2:f cd+ae=0 A ac # 9,letq-Vv?-a2ac, then

Va+bx?+cx*
—dx —
d+ex?
aVvb+q Vb+q x (b-q+2cx?) aV-b+q V-b+q x (b+q+2cx?)
B ArcTan[ + ArcTanh
2vV2 V-ac d 2vV2 V-ac Vasbx2+cx? 2vV2 V-ac d 2v2 V-ac Vasbx2+cx

Program code:

Int[Sqrt[a_+b_.*x_"2+c_.*x_"4]/(d_+e_.*x_"4),x_Symbol] :=
With[{g=Sqrt[b”2-4xaxc]},
-axSqrt[b+q]/ (2xSqrt[2] xRt [-a*c,2] xd) *ArcTan[Sqrt [b+q] *x* (b-q+2xc*x"2) / (2*Sqrt[2] xRt [-axc,2] *Sqrt[a+b*x*2+c*x"4])] +
a»Sqrt[-b+q]/ (2%Sqrt[2] *xRt[-axc,2] *d) *ArcTanh[Sqrt[-b+q] *x* (b+q+2xc*x”"2) / (2%Sqrt[2] *Rt[-axc,2] *Sqrt[a+b*x*2+c*xx"4])]] /;
FreeQ[{a,b,c,d,e},x] & & EqQ[cxd+axe,0] && NegQ[axc]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

1. jP[x]pQ[x]q dx when P[x] == P1[x] P2[X] ---

1: JP[xz]pQ[x]qu when pez~ A P[x] == P1[x] P2[X] ---

Derivation: Algebraic simplification
Note: This rule assumes host CAS distributes integer powers over products.
Rule: If pez- A P[x] = P1[x] P2[x] ---, then

jP[xz]pQ[x]q dx — JPl[xz]p P2[x*]" .- Q[x]19 dx

Program code:

Int[P_"p_*Q_"q_.,x_Symbol] :=
With [ {PP=Factor [ReplaceAll[P,x-»Sqrt[x]]1},
Int [ExpandIntegrand [ReplaceAll [PP,x-»>x"2]*p*Q"q,x],x] /;
Not [SumQ [NonfreeFactors [PP,x]]]] /;
FreeQ[qg,x] && PolyQ[P,x*2] && PolyQ[Q,x] && ILtQ[p,0]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

2: JP[X]"Q[X]“ dx when pezZ A P[xX] ==P1[x] P2[X] ---

Derivation: Algebraic expansion
Note: This rule assumes host CAS distributes integer powers over products.
Rule: If pez A P[x] == P1[x] P2[x] ---, then

Jp[x]p Q[x]%dx — JPl[x]P P2[x]P ... Q[x]%dx

Program code:

Int[P_"p_x*Q_"q_.,x_Symbol] :=
With[{PP=Factor[P]},
Int [ExpandIntegrand [PP*pxQ~q,x],Xx] /;
Not [SumQ[NonfreeFactors [PP,x]]]] /;
FreeQ[q,x] && PolyQ[P,x] && PolyQ[Q,x] && IntegerQ[p] && NeQ[P,x]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

2: JP[X]pQ[X] dx when pez~ A P[x] = (a+bx+cx?) (d+ex+fx?) ..

Derivation: Algebraic expansion

Rule:If pez-AP[x] = (a+bx+cx?) (d+ex+fx?) ..., then

Program code:

Int[P_”~p_=*Qm_,x_Symbol] :=
With[{PP=Factor[P]},
Int [ExpandIntegrand [PP*p*xQm,x],x] /;
QuadraticProductQ[PP,x]] /;
PolyQ[Qm,x] && PolyQ[P,x] && ILtQ[p,0]

JP[x]pQ[x] dx — jExpandIntegr‘and[P[x]pQ[x], x] dx



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

3. j(e+fx)"' (a+bx+cx2+dx3)pd1x
1. J‘(e+-Fx)m (a+bx+dx3)pd1x
1. J(e+fx)"' (a+bx+dx*)Pdx when 4b*+27a>d=:0

1: j(e+fx)'" (a+bx+dx*)?dx when 4b*+27a’d=0 A pez

Derivation: Algebraic expansion

Basis: If ab*+27a2d=e,thena + b x + d x3 == 331a2 (3a-bx) (3a+2bx)?

Rule: If ab*+27a%d =0 A p ez, then

J\(e+-Fx)m (a+bx+dx*)?Pdx — j(e+fx)'" (3a-bx)P (3a+2bx) 2Pdx

33p 32p

Program code:

Int[(e_.+f_.#x_) m_.# (a_+b_.*x_+d_.*x_"3)"p_.,x_Symbol] :=
1/ (3~ (3xp) *a”™ (2xp) ) *Int [ (e+'F*x) Am#* (3xa-bxx) *p* (3*xa+2xbxx) ~ (2xp) ,x] /3
FreeQ[{a,b,d,e,f,m},x] && EqQ[4xb"3+27+a"2xd,0] && IntegerQ[p]

2: J-(e+fx)"' (a+bx+dx*)?dx when 4b%+27a’d=0 A p¢z

Derivation: Piecewise constant extraction

(a+b x+d x3)p

3a-bx)P (3a+2bx)?2P =0

Basis: If 4b%+27a2d == 0, then Oy (

Rule: If ab3+27a2d =0 A p ¢z, then



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

(a+bx+dx3)p

J(e+fx)"' (a+bx+dx*)Pdx — J(e+fx)"' (3a-bx)P (3a+2bx) 2Pdx

(3a-bx)P (3a+2bx)?P

Program code:
Int[(e_.+F_.#x_) m_.*(a_+b_.#x_+d_.*x_"3)"p_,x_Symbol] :=

(a+bxx+d*x”3) *p/ ( (3*a-bxx) *p* (3*xa+2xbxx) * (2xp) ) *Int [ (e+f*x) ~mx (3xa-bxx) *p* (3xa+2xbxx) ~ (2xp) ,X] /5
FreeQ[{a,b,d,e,f,m,p},x] & EqQ[4+b"3+27xa"2xd,0] && Not[IntegerQ[p]]

2. j(e+fx)'" (a+bx+dx*)?dx when 4b%+27a%d#@
1. J(e+fx)'" (a+bx+dx’)?dx when 4b*+27a’d#0 A pez

1: J\(e+-Fx)"1 (a+bx+dx3)"dlx when 4b%+27a2d+#0 A pez*

Derivation: Algebraic expansion

Rule: If ab*+27a2d#0 A pez*,

J(e+fx)'" (a+bx+dx*)Pdx — jExpandIntegr‘and[(e+fx)m (a+bx+dx*)?, x] dx

Program code:

Int[(e_.+f_.#x_) m_.* (a_+b_.#x_+d_.*x_"3)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (e+fxx) mx (a+bxx+d»x"3)*p,x],x] /;
FreeQ[{a,b,d,e,f,m},x] && NeQ[4xb"3+27+a"2+d,0] && IGtQ[p,0]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

2: j(e+fx)"' (a+bx+dx?)?dx when 4b*+27a’d#0 A pez”

Derivation: Algebraic expansion

. 3 3
Ba5|s:Ifr_>(_9ad2+«/?d«/4b3d+z7a2d2)”3,thena+bx+dx3::M_ T+ bx+dx3

3r3 18 d?
fee 2b3d 3 3 __ 1 <181/3bd_ r ) <@ 12173 p2 d? rz__ <21/3bd_ r ) 2 2)
Basis: °5% - g7 tbx+dx® = 4 an s~ dX s e T3 9 Sie, C o) X+dOX

Rule: If ab3+27a2d20 Apez, letr- (-9ad2+«/?d«/4b3d+27a2d2)1/3,then

J(e+fx)"' (a+bx+dx3)Pd1x —

183 bd r ]p(bd 12173 p2 ¢2 r? [2”3bd r

p
- + —_— + - ]X+dzxz) dx
3r 18/3 3 3r? 3..12%/3 313 p 1813

L (e+-Fx)"'[

Program code:

Int[(e_.+Ff_.#x_) m_.*(a_+b_.#x_+d_.*x_"3)"p_,x_Symbol] :=
With [ {r=Rt[-9*a*d*2+Sqrt[3] *xd*Sqrt [4xb”3xd+27*a*2xd"2],3]},
1/d" (2#p) »Int [ (e+fxx) "mxSimp [18~ (1/3) xbxd/ (3xr) -r/18” (1/3) +d*X,X] "p*
Simp [bxd/3+12~ (1/3) b"2xd 2/ (3+r"2) +r"2/ (3%127 (1/3) ) -d# (27 (1/3) xb#d/ (37 (1/3) *r) -r/18" (1/3) ) xx+d"2xx"2,x]*p,x] | /;
FreeQ[{a,b,d,e,f,m},x] && NeQ[4xb"3+27+a"2+d,0] && ILtQ[p,0]

2: J-(e+fx)"' (a+bx+dx*)?dx when 4b%+27a’d#@ A p¢z

Derivation: Piecewise constant extraction

Basis: If ro (-sad?+ V3 dVavid+27a2 a2 )”3, then

Ox ((awbx+ds)P/((504 - i wdx) * (B B S0 - d (B - i) X+ d2X) T ) =

Rule:If av*+27a2d20 Apez,letrs (-oad+V3 dVav dr 2722 )1/3,then



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

J.(e+-Fx)rn (a+bx+dx3)pdlx —

183 bd r P(bd 12Y/3p2d? r2 23 pd r P
(a+bx+dx3)p/ _— +dx —_—+ + -d - x + d? x? .
3r 181/3 3 3r? 3.12%/3 313 p 1813
. (18¥3bd r P(bd 12'3p2d? r2 213 pd r , 5P
j(e+fx) - +dx — s + -d - X + d? x dx
3r 181/3 3 3r? 3..12%/3 31/3p 1813

Program code:

Int [ (e_. +F_. *X_) Am_.*(a_+b_.*x_+d_.*x_"3) "p_,x_Symbol] =
With [ {r=Rt[-9*a*xd*2+Sqrt[3] *xd*Sqrt [4xb”3xd+27*a*2xd"2],3]},
(a+b*X+d*X"3)"p/
(Simp [187~(1/3) xbxd/ (3*r) -r/18” (1/3) +d*Xx,X] *p*
Simp [bxd/3+12" (1/3) xb"24d"2/ (3%1"2) +r72/ (3%127 (1/3) ) ~dx (2" (1/3) %bxd/ (3 (1/3) *r) -r/18" (1/3) ) #x+d"24x"2,X] "p) »
Int[ (e+fxx) mxSimp[18~ (1/3) xbxd/ (3+r) -r/18" (1/3) +dxX,X] "p*
Simp [bxd/3+12% (1/3) xb"24d"2/ (3%r"2) +P12/ (3127 (1/3) ) ~dx (27 (1/3) xbxd/ (37 (1/3) xr) -r/18~ (1/3) ) #x+d*2xx*2,x]p,x]| | /;
FreeQ[{a,b,d,e,f,m,p},x] & NeQ[4xb"3+27xa"2xd,0] && Not[IntegerQ[p]]

2: J(e+fx)m (a+bx+cx2+dx3)pd1x

Derivation: Integration by substitution

Rule:If pez-Ac2-3bd#0e Ab2-3acz0,then

n 5 3 3de-cf m(2c3-9bcd+27ad? (C2—3bd)X 3p c
J(e+fx) (a+bx+cx +dx)pdlx—>Subst[J—+fx - +dx dlx,x,x+—]
3d 27 d? 3d 3d

Program code:

Int[(e_.+f_.#x_)~m_.«P3_~p_.,x_Symbol] :=
With[{a=Coeff[P3,x,0],b=Coeff[P3,X,1],c=Coeff[P3,x,2],d=Coeff[P3,x,3]},
Subst [Int [ ( (3*d*e—c*f)/(3*d) +'F*X) Am*Simp [ (2xc”3-9xbxcxd+27xaxd”2) / (27%d"2) - (c*2-3xbxd) xx/ (3*d) +d*xx"3,Xx] "p,x] s Xy X+C/ (3%d) ] /3
NeQ[c,0]] /;
FreeQ[{e,f,m,p},x] && PolyQ[P3,x,3]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

Rules for integrands of the form u (a + bx + ¢ x*> + dx® +e x*)?
A+B
1.j tEx dx when Bd—4Ae==0Ad(141d3—752cde—400be2)+16e2 (71c2+1oeae) =0 A 144 (3d2—8ce)3+125 (d3-4cde+8be2)2==e
Va+bx+cx2+dx3+ex?
X
1:J dx when 71c?2 +100ae =0 A 1152c>-125b%e == 0
Va+bx+cx?+ex?
Reference: Bronstein
Rule:If 71 c?+100ae == 0O A 1152 c>-125b%e == 9, let
PIx] —» ’
L (33b2c+6ac2+49a2e) ~ 2 3cex?+2pcexd+le (5c2+4ae) x*+2be2x5+2ce?xb+e3x8
320 5 15 4 3
then
1 8, P
J- X dx — Log[P[x]+ [x] \/a+bx+cx2+ex4]
Va+bx+cx2+ex? 8Ve 8Ve x

Program code:

Int[x_/Sqrt[a_+b_.#x_+C_.*Xx_"2+e_.*x_"4],x_Symbol] :=
With [ {Px=1/320* (33xb"2xCc+6*xa*C"2+40xa”2xe) -22/5xaxCxe*X"2+22/15xbxcxexx*3+1/4xex (5%¥C 2+4xaxe) xXx 4+
4/3xbxe”2xx"5+2xcxe”2xx"6+e*3xx"8},
1/ (8xRt[e,2]) xLog [Px+Dist[1/ (8+Rt[e,2]#x),D[Px,x],X] *Sqrt [a+bsx+c+x"2+exx"4]]]| /;
FreeQ[{a,b,c,e},x] && EqQ[71xc”*2+100xaxe,0] && EqQ[1152xc”3-125xb"2xe,0]

10



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

A +BXx
2:J dx whenBd-4Ae=0 A

Va+bx+cx2+dxd+ex? d (141d*-752cde-400be?) + 162 (71c2+100ae) =@ A 144 (3d>-8ce)’+125 (d*-4cde+8be?)’ =0

Derivation: Integration by substitution

Rule:If Bd-4Ae-==0 A d (141d3—752cde—4eebe2) + 16 e2 (71c2+1@eae) == @ A ,then
144(3d2—8ce)3+125 <d3—4cde+8be2)2::@

A+BXx X d
dx — BSubst[ dx, X, —+x]
2 3 4 4e
\/a+bx+cx +dx +ex \/—3d“+16cd1e—64bdez+256ae3 . (d*-4cde+8be?) x  (3d*-8ce) x?

256 € 8 e? 8e

Program code:

Int[ (A_+B_.xx_)/Sqrt[a_+b_.*x_+c_.xx_"2+d_.*x_"3+e_.*x_"4],x_Symbol] :=
BxSubst [Int [x/Sqrt[ (-3*xd*4+16xCcxd"2xe-64xbxdxe”2+256xaxe”3) / (256xe”3) + (d*3-4xcxdxe+8xbxe”2) xx/ (8xe”2) -
(3xd*2-8xcCxe) xx"2/ (8xe) +exXx"4],x],X,d/ (4xe) +x] /;
FreeQ[{a,b,c,d,e,A,B},x] && EqQ[Bxd-4xAxe,0] &&
EqQ[d* (141xd"*3-752xcxd*xe-400xbxe”2) +16xe” 2 (71xc~2+100*axe) ,0] &&
EqQ[144 % (3xd"2-8xcxe) *3+125% (d*3-4xcxdxe+8xbxe”2)"2,0]

11



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

f+gx?
2, dx whenbd-ae=0 A f+g=-0
(d+ex+dx?) Va+bx+cx2+bx3+axt

f+gx?
1: dx whenbd-ae=0 A f+g=0 A a2 (2a-c) >0
(d+ex+dx?)

Va+bx+cx2+bxd+axt

Rule:lf bd-ae=0 A f+g=0 A a%2 (2a-c) > 0,then

f+gx? af ab+ (4a?+b*-2ac)x+abx?
dX — —— ArcTan
(d+ex+dx2)\/a+bx+cx2+bx3‘+ax4 dVa? (2a-c) 2Va?(2a-c) Va+bx+cx2+bx3+ax?

Program code:

Int[(f_+g_.*x_"2)/((d_+e_.+x_+d_.*x_"2) +Sqrt[a_+b_.*X_+C_.*Xx_"2+b_.*x_"3+a_.*x_"4]),x_Symbol] :=
a*f/(d*Rt [a*2x (2*a-c) ,2]) *ArcTan[ (axb+ (4xa”2+b"2-2xa*c) *xXx+axbxx"2) / (2xRt[a”2* (2+a-c) ,2] *Sqrt [a+b*Xx+c*x"*2+bxx*3+a*x"4])] /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[bxd-axe,0] && EqQ[f+g,0] & PosQ[a"2x(2#a-c) ]

f+gx?
2: dx whenbd-ae=0 A f+g=0 A a2 (2a-c) 30
(d+ex+dx?) YVa+bx+cx?+bx®+axt

Rule:lf bd-ae=0 A f+g=0 A a%2 (2a-c) % 0,then

f+gx? af ab+(4a2+b2—2ac)x+abx2
dx — -———  ArcTanh
(d+ex+dx2)\/a+bx+cx2+bx3+ax4 dV-a% (2a-c) 2vV-a2 (2a-c¢) Va+bx+cx?+bx3+ax?

Program code:

Int [ ('F_+g_. *x_"Z)/( (d_+e_.*xx_+d_.*x_"2) xSqrt[a_+b_.*X_+C_.*X_"2+b_.*x_"3+a_.*x_"4]) ,x_Symbol] i=

—a*f/(d*Rt [-a”2% (2%a-c) ,2]) *ArcTanh[ (a*b+ (4*a*2+b”2-2xaxc) xx+axbxx"2) / (2xRt[-a”2x (2xa-c) ,2] *Sqrt[a+b*x+cxx"2+bxx*3+a*x*4])] /;

FreeQ[{a,b,c,d,e,f,g},x] & EqQ[bxd-axe,0] & EqQ[f+g,0] & NegQ[a"2 (2#a-c) ]

12



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

u (A+Bx+Cx2+Dx3)
3.j dx

a+bx+cx?+bx3+axt

A+Bx+Cx?+DXx3
1:J dx

a+bx+cx?+bx®+ax?

Derivation: Algebraic expansion

Basis: Letq - \/8 a?+b?-4ac,then
A+B x+C x2+D x3 __ bA-2aB+2aD+Ag+(2aA-2aC+bD+Dg) X bA-2aB+2aD-Ag+(2aA-2aC+bD-Dg) X

a+b x+c x2+b x3+a x* q (2a+(b+q) x+2ax?) q (2a+(b-q) x+2ax?)

Rule:Letqe\/8 a’+b%?-4ac,then

A+Bx+Cx2+Dx3
J. dx —

a+bx+cx?+bx3+ax?
1J~bA—2aB+2aD+Aq+ (2aA—2aC+bD+Dq)xd] 1JbA—2aB+2aD—Aq+ (2aA—2aC+bD—Dq)xdl
- X - — X

q

2a+(b+q) x+2ax? q 2a+ (b-q) x+2ax?

Program code:

Int[P3_/ (a_+b_.*x_+c_.*x_"2+d_.*Xx_"3+e_.*Xx_"4),x_Symbol] :=
with[{q=Sqrt [8xa”2+b"2-4xaxc] ,A=Coeff[P3,x,0],B=Coeff[P3,x,1],C=Coeff[P3,x,2],D=Coeff[P3,x,3] },
1/q*Int[ (bxA-2xaxB+2xa*D+Axq+ (2*xaxA-2xaxC+bxD+Dxq) *x) / (2*a+ (b+q) *x+2*a*x"2) ,x] -
1/q*Int[ (bxA-2xaxB+2xaxD-Axq+ (2xaxA-2xaxC+bxD-Dxq) xX) / (2*a+ (b-q) *X+2*xa%xx"2) ,x] ] /3
FreeQ[{a,b,c},x] && PolyQ[P3,x,3] && EqQ[a,e] && EqQ[b,d]

X" (A+Bx+Cx2+Dx3)
Z:J dx

a+bx+cx?+bx®+ax?

Derivation: Algebraic expansion

Basis: Letq - \/8 a?+b?-4ac,then
A+B x+C x?+D x3 __ bA-2aB+2aD+Ag+(2aA-2aC+bD+Dg) X _ bA-2aB+2aD-Aqg+(2aA-2aC+bD-Dq) x
a+b x+c x2+b x3+a x4 q (2a+(b+q) x+2ax?) q (2a+(b-q) x+2ax?)




Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

Rule:Letqe\/S a’ +b%-4ac,then

J~x’" (A+Bx+Cx2+Dx3)
dx —

a+bx+cx?+bx3+ax?

q 2a+ (b+q) x+2ax? q 2a+(b-q) x+2ax?

Program code:

Int[x_"m_.%xP3_/ (a_+b_.*x_+c_.*X_"2+d_.*Xx_"3+e_.xXx_"4),x_Symbol] :=
With[{q=Sqrt[8+a~2+b"2-4xaxc],A=Coeff[P3,X,0],B=Coeff[P3,x,1],C=Coeff[P3,X,2],D=Coeff[P3,x,3]},
1/q*Int [x*"m* (bxA-2xaxB+2xaxD+Axq+ (2xa*A-2xa*C+bxD+Dxq) *X) / (2*a+ (b+q) *x+2*a*x"2) ,x] -
1/q*Int[xAm*(b*A—Z*a*B+2*a*D—A*q+(2*a*A—2*a*C+b*D—D*q)*x)/(2*a+(b—q)*x+2*a*xA2),x]] /5

FreeQ[{a,b,c,m},x] &% PolyQ[P3,x,3] & EqQ[a,e] && EqQ[b,d]

1J~x'“ (bA-2aB+2aD+Aq+ (2aA-2aC+bD+Dgq) x) 4 1J~x'" (bA-2aB+2aD-Aq+ (2aA-2aC+bD-Dgq) x) 4
X X
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Rules for integrands of the form u (a+b x+c x~2+d x"3)"p 15

A+Bx+Cx?
4, J dx whenB*d +2C (bC+Ad) -2B (cC+2Ae) =0 A 2B2cC-8aC?-B>d-4ABCd+4A (B*+2AC)e=0
a+bx+cx?2+dx3+ext

A+Bx+Cx?
1:J dx when
a+bx+cx?+dx®+ex?

B*d+2C (bC+Ad) -2B (cC+2Ae) =0 A 2B*’cC-8aC?-B*d-4ABCd+4A (B2+2AC)e=0 AC(2e (Bd-4Ae)+C (d*-4ce))>0

Rule:1f B?d+2C (bC+Ad) -2B (cC+2Ae) =0 A ,
2B*cC-8aC*-B*d-4ABCd+4A (B2+2AC)e=0 AC(2e (Bd-4Ae)+C(d*-4ce)) >0
letqe\/c (2e (Bd-4Ae) +C (d>-4ce)) ,then

A+BXx+Cx?
J dx —
a+bx+cx?+dx®+ex?

Cd-Be+2Cex 2¢? 1
—]+ ArcTanh[
q

2¢?
-— Ar'cTanh[
q q

C(4BcC-3B’d-4ACd+12ABe+4C (2cC-Bd+2Ae) x+4C (2Cd-Be) x2+8C2ex3)]
q

(B2-4AC)

Program code:

Int[(A_.+B_.*x_+C_.*x_"2)/(a_+b_.*x_+c_.xx_"2+d_.*x_"3+e_.*x_"4),x_Symbol] :=

With[ {q=Rt[Cx (2xex (Bxd-4xAxe) +Cx (d*2-4xcxe)),2]},

-2xC”2/q*ArcTanh[ (Cxd-Bxe+2xCxexX) /q] +

2xC”2/q*ArcTanh [Cx (4%BxC*C-3xB*2xd-4*AxCxd+12xAxBxe+4%Cx (2xCxC-Bxd+2xAxe) *X+4%Cx (2xCxd-Bxe) *x"2+8xC 2xexx"3) / (q* (B*2-4xAxC))]] /;
FreeQ[{a,b,c,d,e,A,B,C},x] &% EqQ[B"2xd+2xCx (bxC+Axd) -2xB* (cxC+2xAxe) ,0] &&

EqQ[24B"2xc*xC-8%xaxC*3-B*3xd-4*xAxBxCxd+4xAx (B*2+2xAxC) xe,0] && PosQ[Cx (2xex (Bxd-4xAxe) +Cx (d*2-4xcxe)) ]

Int[ (A_.+C_.*Xx_"2)/ (a_+b_.*x_+cC_.*x_"2+d_.*x_"3+e_.xx_"4),x_Symbol] :=

With[{gq=Rt[C* (-8xAxe”2+Cx (d*2-4xcxe)),2]},

-2xC*2/q*ArcTanh [Cx (d+2xexX) /q] + 2xC*2/qxArcTanh[Cx (Axd-2% (cCxC+Axe) *X-2xCxd*x"2-2xCxexx”"3) / (Axq)]] /;
FreeQ[{a,b,c,d,e,A,C},x] & EqQ[bxC+Axd,0] && EqQ[a*xC"2-A"2xe,0] &&% PosQ[Cx* (-8xAxe”2+Cx (d*2-4xcxe))]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p 16

A+Bx+Cx?
Z:J dx when
a+bx+cx2+dx®+ex?

B*d+2C (bC+Ad) -2B (cC+2Ae) =0 A 2B*cC-8aC’-B*d-4ABCd+4A (B2+2AC)e=0 A C(2e (Bd-4Ae)+C (d*-4ce)) >0

Rule:1f B?d+2C (bC+Ad) -2B (cC+2Ae) =0 A ,
2B*cC-8aC*-B*d-4ABCd+4A (B2+2AC)e=0 AC(2e (Bd-4Ae)+C(d*-4ce)) +0
letq:\/—C (2e (Bd-4Ae) +C (d>-4ce)) ,then

A+BXx+Cx?
J~ dx —
a+bx+cx?+dx®+ex?

—— ArcTan - — ArcTan

2¢? Cd-Be+2Cex 2¢? 1
= areran [ SEEEEX) 2 prcran

C(4BcC-3B°d-4ACd+12ABe+4C (2cC-Bd+2Ae) x+4C (2Cd-Be) x2+8C2ex3)]
q (B*-4AC)

Program code:

Int[(A_.+B_.*x_+C_.xx_"2)/ (a_+b_.*x_+c_.xx_"2+d_.*x_"3+e_.*x_"4),x_Symbol] :=

With[{q=Rt[-Cx (2xex (Bxd-4xAxe) +Cx (d*2-4xcxe)),2]},

2xC”2/q*ArcTan[ (Cxd-Bxe+2xCxexXx) /q] -

2xC”2/q*xArcTan[Cx (4*BxC*xC-3xB*2xd-4xAxCxd+12xAxB*xe+4*Cx (2xCxC-B*xd+2xAxe) *X+4%Cx (2xCxd-Bxe) *x*2+8xC 2xexx"3) / (q* (B*2-4xAxC))]1] /;
FreeQ[{a,b,c,d,e,A,B,C},x] &% EqQ[B"2xd+2xCx (bxC+Axd) -2xB* (cxC+2xAxe) ,0] &&

EqQ[24B"2xc*xC-8xaxC"3-B*3xd-4*xAxBxCxd+4xAx (B*2+2xAxC) xe,0] && NegQ[Cx (2xe* (Bxd-4xAxe) +Cx (d*2-4xcxe)) ]

Int[ (A_.+C_.*Xx_"2)/ (a_+b_.*x_+C_.*x_"2+d_.*x_"3+e_.xx_"4),x_Symbol] :=

With[{q=Rt[-Cx (-8*Axe*2+Cx (d*2-4xcxe)),2]},

2xC*2/q*ArcTan[ (Cxd+2xCxexXx) /q] - 2xC~2/q*ArcTan[-Cx (-Axd+2* (CxC+Axe) *X+2xCxd*x"2+2xCxexx"3)/ (Axq) 1] /;
FreeQ[{a,b,c,d,e,A,C},x] & EqQ[bxC+Axd,0] && EqQ[axC"2-A"2xe,0] &&% NegQ[Cx (-8xAxe”2+Cx (d*2-4xcxe))]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

5: JP[X] (a+bx+cx*+dx®+ex*)’dx whenpez-A a0 A c==';—2 A d:::—z A e==:—:

Derivation: Algebraic simplification

Basis:lf a#0@ A c=2 Ad=2 ne="8 thena+bx+cx2+dx3+ext= 20X
a a a a’ (a-bx)
Rule:lf peZ=Aa+0 A C = t;—z A d = z—i A € = :—i,then

P[x] (a-bx)"P

(aS _ b5 XS)-P ? X] dx

1
JP[x] (a+bx+cx?+dx® +ex*)Pdx — TJExpandIntegrand[
a3Pp

Program code:

Int[Px_xP4_"p_,x_Symbol] :=
With[{a=Coeff[P4,x,0],b=Coeff[P4,x,1],c=Coeff[P4,x,2],d=Coeff[P4,x,3],e=Coeff[P4,x,4]},
1/a” (3%p) *Int [ExpandIntegrand [Px* (a-bxXx)~ (-p) / (a*5-b~5xx"5) ~ (-p) ,x],X] /;

NeQ[a,0] && EqQ[c,b”2/a] && EqQ[d,b”3/a”2] && EqQ[e,b"4/a"3]] /5

FreeQ[p,x] && PolyQ[P4,x,4] &&% PolyQ[Px,x] && ILtQ[p,9]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

Rules for integrands of the form P, [x] Q,[x]°

A+Bxn
1.j o (BB dx

a+bx2ml) 4 cxn4dx2n

A+BXx"
1:J dx whenaB?-A?d (n-1)2==0 ABc+2Ad (n-1) ==0
a+bx?+cx"+dx?"

Derivation: Integration by substitution

Basis:If aB2-A%?d (n-1)2==0 ABc+2Ad (n-1) =9, then
—AsBxD g2 (n-1) subst| 1 X, - ] a X

a+b x2+c x"+d x2" a+A2b (n-1)2x2° A (n-1) -Bx" * A (n-1)-Bx"

Rule1.3.3.16.1:1f aB>-A?’d (n-1)2=0 A Bc+2Ad (n-1) = 0,then

A+Bx" ) 1 X
J dx — A° (n-1) Subst[j dx, X, —]
a+bx?+cx"+dx?" a+A?b (n-1)2x2 A(n-1) -BXx"

Program code:

Int[ (A_+B_.*x_"n_)/(a_+b_.*x_"2+c_.*x_"n_+d_.*x_"n2_), x_Symbol] :=
A”2x (n-1) *Subst [Int[1/ (a+A*2xb* (n-1) *2xXx"2) ,X] ,X,X/ (A% (n-1) -Bxx*n) ] /;
FreeQ[{a,b,c,d,A,B,n},x] & EqQ[n2,2xn] &% NeQ[n,2] && EqQ[axB~2-A"2xdx (n-1)"2,0] && EqQ[Bx*c+2xAxd* (n-1),0]

18



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

x™ (A+Bx“)
2: j dx whenaB? (m+1)2-A2d (m-n+1)2==0 ABc (m+1) -2Ad (m-n+1) =
a+bx?M) 4 cx"+dx2"

Derivation: Integration by substitution

Basis:If aB> (m+1)2-A?2d (m-n+1)2=0 ABc (m+1) -2Ad (m-n+1) =0,
then ——ClAexXl — . smned) gypgt | 1 X, - IE 2

asb X2 (M1) 4c xned x20 a+A2b (m-n+1)2x2 " A (m-n+1)+B (m+1) x" 4 X A (m-n+1) +B (m+1) x"

Rule1.3.3.16.2:1f aB2 (m+1)2-A2d (m-n+1)2==0 ABc (m+1) -2Ad (m-n+1) ==0,then

Xm+1

x" (A+Bx") A2 (m-n+1) 1
J. dx — —Subst[J. dx, x

; ]
a+bx2Mb 4 cx"4dx?" m+1 a+A’b (m-n+1)2x? A(Mm-n+1) +B (m+1) x"

Program code:

Int[x_"m_.x(A_+B_.xx_"n_.)/(a_+b_.*x_"k_.+c_.*x_"n_.+d_.*x_"n2_), x_Symbol] :=
A”2% (m-n+1) / (m+1) *Subst [Int[1/ (a+A*2xbx (m-n+1) *2xx"2) ,X] ,X, X" (m+1) / (Ax (m-n+1) +Bx (m+1) *x*n) ] /;
FreeQ[{a,b,c,d,A,B,m,n},x] &% EqQ[n2,2xn] && EqQ[k,2* (m+1)] && EqQ[a*B"2x (m+1)~*2-A"2xd* (m-n+1)"2,0] && EqQ[BxC* (m+1) -2xAxd* (m-n+1) ,0]

2. |uQe[x]Pdx when pez-

a+bx?+cx?
1:J : : dx when-9c®d*>+cdf (b?’+6ac) -a’cf’-2abg (3cd+af)+12a%g> =0 A

diex?+fx*+gx8 2 2
3c*d’e-3a%c’dfg+a’cflg+2a’g? (bf-6ag)-c>d(2bdf+aef-12adg) =0 A cacfaza’ghf (3c’d-2abg)

cg(3cd-af)

>0

Rule 1.3.3.17.1: If
-9c3d>+cdf (b’+6ac)-a’cf?-2abg(3cd+af) +12a%g> =0 A ,
3c*d’e-3a%c?’dfg+a3cf’g+2a3g? (bf-6ag)-c3d(2bdf+aef-12adg) =0 A

—acf?+12a%g?+f (3c2d-2abg)

cg (3cd-af) >0

19



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p 20

—acf2+12a2g?+f (3c2d-2abg acf?+4g (bcd+a?g)-f (3c2d+2ab
+12 a2 g2+f | gl andr - +4g (bcd+a’g)-f (3c?d+2abg)
cg(3cd-af) cg (3cd-af)

a+bx?+cx?
J~ dx —
d+ex?+ fx*+gx®

letq — , then

C r+2x [d r-2x
——-ArcTan[ ]- ——-ArcTan[ ]-
g4 q g4 q

c

—Ar'cTan[

gq

((3cd-af)x (bc*df-ab’fg-2a’cfg+6a’bg’+c (3c?df-acf’-bcdg+2a’g’)x*+c’g(3cd-af)x*))/(gq(bcd-2a’g) (bcd-abf+4aa’g))]

Program code:

Int[(a_+b_.*x_"2+c_.+x_"4) /(d_+e_.*x_"2+f_.+x_"4+g_.*Xx_"6),x_Symbol] :=
With[{q=Rt[(—a*c*fA2+12*aA2*gA2+f*(3*cA2*d—2*a*b*g))/(c*g*(B*c*d—a*f)),z],
r=Rt[(a*c*f“2+4*g*(b*c*d+a“2*g)-f*(3*c“2*d+2*a*b*g))/(c*g*(B*c*d—a*f)),Z]},
c/ (g*q) *ArcTan[ (r+2xx) /q] -
c/ (g*q) *ArcTan[ (r-2xx) /q] -
c/(g*q)*ArcTan[(3*c*d—a*f)*x/(g*q*(b*c*d—z*aAz*g)*(b*c*d—a*b*f+4*aA2*g))*
(b*cAZ*d*f—a*bAZ*f*g—Z*aAz*c*f*g+6*aA2*b*gA2+c*(3*cA2*d*f—a*c*fAZ—b*c*d*g+2*aA2*gA2)*xA2+cA2*g*(3*c*d—a*f)*xA4)]] /3
FreeQ[{a,b,c,d,e,f,g},x] && EqQ[9*cA3*dA2—c*(bA2+6*a*c)*d*f+aA2*c*fA2+2*a*b*(3*c*d+a*f)*g—lz*aA3*gA2,a] &&
EqQ[3*cA4*dA2*e—3*aA2*cA2*d*f*g+aA3*c*fAz*g+2*aA3*gA2*(b*f-s*a*g)—cA3*d*(z*b*d*f+a*e*f-12*a*d*g),0] &&
NeQ[3*c*d—a*f,0] && NeQ[bxcxd-2xa”2xg,0] && NeQ[b*c*d—a*b*f+4*aA2*g,0] &&
PosQ[(-a*c*fA2+12*aA2*gA2+f*(3*cA2*d-2*a*b*g))/(c*g*(3*c*d-a*f))]

Int[(a_+c_.*x_A4)/(d_+e_.*x_A2+f_.*x_A4+g_.*x_AG),x_Symbol] 8=
with[{q=Rt[(-a*c*f“2+12*aA2*gA2+3*f*cA2*d)/(C*g*(B*C*d-a*f)),2],
r=Rt[(a*c*fA2+4*aA2*gA2—3*cAz*d*f)/(c*g*(3*c*d—a*f)),2]},
c/ (g*q) *ArcTan[ (r+2xx) /q] -
c/ (g*q) *ArcTan|[ (r-2xx) /q] -
c/(g*q)*ArcTan[(c*(3*c*d-a*f)*x*(z*aAz*f*g-(3*cA2*d*f-a*c*fA2+2*aA2*gA2)*xAZ-c*(3*c*d-a*f)*g*xA4))/(S*aA4*gA3*q)]] Ve
FreeQ[{a,c,d,e,f,g},x] && EQQ[9xc”3xd"2-6xaxc 2xd+f+ar2xcxf 2-12+a"3%g"2,0] &&
EqQ[3*cA4*dA2*e—3*aA2*cA2*d*f*g+aA3*c*fAZ*g—12*aA4*gA3—a*cA3*d*(e*f—lz*d*g),0] &&
NeQ[B*c*d—a*f,O] && PosQ[(—a*c*fA2+12*aA2*gA2+3*cA2*d*f)/(c*g*(3*c*d—a*f))]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p 21

2: Ju (a+bx*+cx®*+dx*+ex®)’dx whenpez A b*>-3ad=0 A b>-27a’e==0

Algebraic expansion

Basis: If b2-3ad=-0 A b®-27a%e == 9, then

a+bx?+cx3+dx*+ex8 == 271a2 (3a+3a*2c*3x+bx?) (3a-3 (-1)*3a?2c*3x+bx?) (3a+3 (-1)?2a*3c*3x+bx?)

Note: If % e Z",thencxm. (a+bx?)"=Th, (a+ (-1y*(+-3) c%x+bx2)
Rule1.3.3.17.2:If pez A b*>-3ad=0 A b3-27a%e == 0,then
ju (a+bx®+cx®+dx*+ex®)Pdx —

1

33P 2P

jExpandIntegr‘and[u (3a+3a*2c?x+bx*)? (3a-3 (-1)?a*? cM?x+bx*)? (3a+3 (-1)*?a*> M?x+bx*)P, x] dx

Program code:

Int[u_*Q6_"p_,x_Symbol] :=
With[{a=Coeff[Q6,x,0],b=Coeff[Q6,X,2],c=Coeff[Q6,X,3],d=Coeff[Q6,X,4],e=Coeff[Q6,X,6]},
1/ (3~ (3xp) *a”* (2xp) ) *Int [ExpandIntegrand [u*

(3xa+3xRt[a,3]*2xRt[c,3] *x+b*x"2) *p*

(3*a-3x(-1)~(1/3) *Rt[a,3]*2xRt[c,3] *x+b*Xx"2) *p*

(3*xa+3x (-1)"~(2/3) *Rt[a,3]*2xRt[c,3] *x+bxx*2) *p,x],x] /;
EqQ[b~2-3xaxd,0] & EqQ[b"3-27+a"2xe,0]] /;

ILtQ[p,@] && PolyQ[Q6,x,6] && EqQ[Coeff[Q6,Xx,1],0] && EqQ[Coeff[Q6,Xx,5],0] && RationalFunctionQ[u,x]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

3. JPm[x] On[x]Pdx whenm=n-1
1 Palx] Qalx17 dx whenmesn -1 A 0 (Pax] - F2920 6,0, [x1) =

Pn
1: j []dxwhenm::n—lAax(Pm[x]——‘“L‘—]—P X,m GXQ,,[X])
Qn [x] "o pend

Derivation: Algebraic expansion and reciprocal integration rule

Rule1.3.3.182.1:1f m=n-1 A Ox (Py[x] - 224" 5,Q,[x] ) = @, then

nQn[Xx,n]
Pm Pm 3 aX n m 3
—[X] dx — [, m] On [X] dx + [Pm[X] [ ]
Qn [X] nQn[x, n] Qn [X] nQn[x, n Qn[X]
Pm 3 L n Pm E
. [x, m] Log[Qn[X]] . (Pm[x] _ [x, m] axQn[x]] J‘ dx
nQ,[x, n] nQ,[x, n Qn [X]

Program code:

Int[Pm_/Qn_,x_Symbol] :=
With [ {m=Expon [Pm,x] ,n=Expon[Qn,X]},
Coeff [Pm,x,m] xLog [Qn] / (n«Coeff[Qn,x,n]) + Simplify[Pm-Coeff[Pm,x,m]«D[Qn,x]/(n*Coeff[Qn,x,n])]+Int[1/Qn,x]/;
EqQ[m,n-1] 8&& EqQ[D[Simpli-Fy[Pm—Coe-F-F[Pm,x,m]/(n*Coe-F-F[Qn,x,n])*D[Qn,x]],x],e]] /3
PolyQ[Pm,x] && PolyQ[Qn,X]
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Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

2: me[x] Qu[x]Pdx whenm=n-1 A 3, (Pm[x] ——P‘"MGXQ,,[X]) =0 Ap#-1

nQn[x,n]

Derivation: Algebraic expansion and power integration rule

Rule 1.3.3.18.2.2:1f m==n -1 A Oy (Pm[x] ~ Pulxaml 5 0, [X] ) =0 A p# -1,then

nQn[x,n]
Pn [X, m]

nQn[x, n]

Pn X,
LPolX 0] axQn[x]] an[x]"dlx

nQn[x, n]

me[x] Q[X]P dx — JQn[x]”axQn[x] dx + [Pm[x] -

Pn[X, m] Qn[x]P**
n(p+1)Q[x, n]

PulX, m]
. (Pm[x] o axQn[x]] an[x]"dlx
nQ,[x, n]

Program code:

Int[Pm_xQn_"p_,x_Symbol] :=
With [ {m=Expon [Pm,x] ,n=Expon[Qn,X] },

Coeff [Pm,x,m] xQn” (p+1) /(n« (p+1) xCoeff [Qn,x,n]) + Simplify[Pm-Coeff[Pm,x,m]+D[Qn,x]/(n*Coeff[Qn,x,n])]+Int[Qn"p,x]/;

EqQ[m,n-1] && EqQ[D[Simpli-Fy[Pm—Coe-F-F[Pm,x,m]/(n*Coeff[Qn,x,n])*D[Qn,x]],x],e]] /3
FreeQ[p,x] && PolyQ[Pm,x] && PolyQ[Qn,x] && NeQ[p,-1]
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Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

2. JPm[x] On[x]Pdx whenmz=n-1 A 8, (Pm[x] - —pmﬂ'ﬂ]—aan[x]) 40

nQn[x,n]

Pn [X]

: dx whenm=n-1
Qn [X]

Derivation: Algebraic expansion and reciprocal integration rule

Rule 1.3.3.18.2.1:If m == n - 1, then

jPM[X] dx —s P [X, m] JaxQn [x] dx + 1 JnQn [X, n] Pu[X] = Pn[Xx, m] OxQn[Xx] dx

Qn [X] nQ,[x, n] Qn [X] nQ,[x, n] Qn [X]

—

Pn[X, m] Log[Qn[X]] . 1 J‘ﬂ Qn[X, N] Pp[X] - PnlX, M] 0xQn[X] dx
nQn[x, n] nQn[x, n] Qn [x]

Program code:

Int[Pm_/Qn_,x_Symbol] :=
with[{m=Expon[Pm,x],n=Expon[Qn,x]},
Coeff[Pm,x,m]*Log[Qn]/(n*Coeff[Qn,x,n]) +
1/ (n*Coeff[Qn,x,n] ) Int[ExpandToSum|n«Coeff [Qn,X,n] xPm-Coeff [Pm,x,m] +D[Qn,x],x]/Qn,x]/;
EqQ[m,n-11] /;
PolyQ[Pm,x] && PolyQ[Qn,Xx]
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Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

2: JPm[x] Qn[x]Pdx whenm=n-1 A p#-1

Derivation: Algebraic expansion and power integration rule

Rule1.3.3.18.2.2:1f m=n-1 A p # -1,then

PulX, 1
me[xJ QixIPax — —nlefl an[x]PaxQn[x] dx + j(nQn[X: n] Pu[X] - PulX, M] 34Qn[X]) Qn[X]? dx
nQux, N nQnx, n
Pn[X, m] Q,[x]P** 1
.

j(n Qn[X, N] Py[X] - Pn[X, M] 8xQn[X]) Qn[Xx]P dx
n(p+1) Qn[x, n] nQ,[x, n]

Program code:

Int[Pm_xQn_"p_,x_Symbol] :=
With [ {m=Expon [Pm, Xx] ,n=Expon [Qn,X] },
Coeff [Pm,x,m] Qn~ (p+1) / (n« (p+1) xCoeff [Qn,x,n]) +
1/ (n*Coeff[Qn,x,n]) »Int [ExpandToSum|nxCoeff [Qn,x,n] «Pm-Coeff [Pm,x,m] «D[Qn,x],Xx]*Qn"p,x]/;

EqQ[m,n-11] /;
FreeQ[p,x] && PolyQ[Pm,x] && PolyQ[Qn,x] && NeQ[p,-1]

4: ij[x] Qn[x]Pdx whenp<-1 Al<n<m+1 Am+np+1<0

Reference: G&R 2.104

Note: Special case of the Ostrogradskiy-Hermite method without the need to solve a system of linear equations.

Note: Finds one term of the rational part of the antiderivative, thereby reducing the degree of the polynomial in the

numerator of the integrand.

Note: Requirement thatm < 2 n - 1 ensures new term is a proper fraction.

Rule133.19:1fp< -1 Al<n<m+1 Am+np+1<0,then
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Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

Py [X, m] X"t Q, [x]P*!
.

fpm[x] Qn[x]Pdx —
(m+nP+1) Qn[x) nj

1
(m+np+1) Qy[x, n]

j(<m+np+1) Qn[X, N] Py[xX] - Pu[X, M] X" ((M-n+1) Qu[x] + (p+1) x3Qux])) Qn[X]P dx

Program code:

Int[Pm_xQn_"p_.,x_Symbol] :=
With[{m=Expon[Pm,x],n=Expon[Qn,x]},
Coeff [Pm,x,m] xx" (m-n+1) xQn~ (p+1) /( (m+nxp+1) xCoeff[Qn,x,n]) +
1/ ((m+n«p+1) xCoeff [Qn,x,n] ) *
Int[ExpandToSum[ (m+nxp+1) xCoeff [Qn,x,n] xPm-Coeff [Pm,x,m] xx~ (M-n) » ( (M-n+1) *Qn+ (p+1) +x*D[Qn,x]) ,x] *Qn"p,x] /;
LtQ[1,n,m+1] & m+n«p+1<0] /;
FreeQ[p,x] && PolyQ[Pm,x] && PolyQ[Qn,x] && LtQ[p,-1]
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